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Prediction of the Three-Dimensional Turbulent
Boundary Layer over a Swept Bump

Xiaohua Wu¤ and Kyle D. Squires†

Arizona State University, Tempe, Arizona 85287-6106

Large eddy simulation (LES) and Reynolds-averaged Navier–Stokes (RANS) computations have been used for
prediction of a spatially developing three-dimensional turbulent boundary layer over a bump swept at 45 deg with
respect to the upstream � ow. Subgrid-scale stresses in the LES were parameterized using the dynamic eddy vis-
cosity model. Reynolds stresses in the RANS calculations were closed using the v2– f model and Spalart–Allmaras
one-equation model. In the calculations, a zero-pressure gradient, statistically two-dimensional boundary layer
at momentum thickness Reynolds number 3:8 £ 103 is introduced one-half chord length upstream of the onset of
curvature. The � ow is statistically homogeneous along the coordinate parallel to the bump axis and is subject to
combined perturbations in streamwise pressure gradient, spanwise pressure gradient, and surface curvature. The
turning angleof the wall shear stress measured with respect to the upstream � ow changes sign twice due to the alter-
nating spanwise pressure gradient, with a maximum of more than 45 deg near the trailing edge. No-slip conditions
were imposed on solid boundaries in RANS, whereas algebraic approximate boundary conditions were applied
in the LES to model the near-wall � ow. Mean wall shear stresses, necessary to close the approximate boundary
conditions, were supplied from either experimental measurements or a separate RANS calculation. In general, the
agreementbetween simulationandexperiment in the present work is comparableto thatpreviouslyobtained for the
two-dimensionalboundary layer at zero sweep angle. The mean � ow is accurately predicted using both techniques,
with some discrepancy occurring in prediction of the mean cross� ow in the LES. Second-order statistics in the LES
are in goodagreementwith measurements;RANS predictionsof turbulence kinetic energy are slightly less accurate.

I. Introduction

S PATIALLY developing three-dimensional turbulent boundary
layers (TBLs) are important to a variety of applications, e.g.,

the boundary layer over a swept wing, around a submerged vehi-
cle, and the � ow over turbine or compressorblades. In applications,
three-dimensional TBLs are often generated due to a streamwise
variation in geometry. A spanwise pressure gradient develops that
skews the � ow, with the cross�ow velocity increasing from zero at
the boundary-layer edge to a maximum and then back to zero at
the wall to satisfy the no-slip condition.The turning of the velocity
vector is measured by the angle between the wall shear stress and
direction of the freestream � ow. In some spatiallydevelopingthree-
dimensional TBLs, this angle will reverse sign with downstream
evolution, e.g., Refs. 1 and 2. In addition, other complicating fea-
tures of three-dimensionalTBLs that have been measured in experi-
ments show that in the outer layer the vector formedby the turbulent
stress parallel to the wall is not aligned with the mean strain rate
and there is a reduction in the stress-intensityratio as compared to
two-dimensionalboundary layers, e.g., Refs. 3–7.

In addition to experiments, direct numerical simulation (DNS)
has been used to study three-dimensionalTBLs. Whereas the well-
known restriction to canonical � ows at low Reynolds numbers
makes it dif� cult to apply to spatially developing three-dimensional
TBLs, DNS has been a useful tool for exploring the underlying
physics of these � ows. Moin et al.,8 Senstad and Moin,9 Coleman
et al.,10, 11 and Piomelli et al.12 applied spanwise shearing forces or
transverse strains to fully developed turbulent channel � ow. Con-
sistent with experiments, the simulations show a reduction in the
Reynoldsshear stress as well as in the turbulencekineticenergywith
increasing transverse strains. The directions of the Reynolds shear
stress vector and the mean velocitygradientvector were also differ-
ent, with the stress lagging the mean strain as noted in experiments.
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Coleman et al.11 found that the � ow was more sensitive to the strains
resulting from a streamwise pressure gradient than those associated
with mean-� ow skewing.

These and other features challenge turbulence models, and ac-
curate prediction of three-dimensionalTBLs remains dif� cult and
continues to be one of the primary pacing items for application of
computational � uid dynamics to complex � ows. As discussed in
Refs. 1 and 13, one problem associated with assessing predictive
techniques for three-dimensional TBLs is a relative lack of com-
prehensive comparisons between simulation and experiment. The
speci� c aim of this study is to apply two techniques, large eddy
simulation (LES) and Reynolds-averaged Navier–Stokes (RANS),
for prediction of complex spatially developing three-dimensional
TBLs and assess their accuracy through comparison to experimen-
tal measurements.

In LES only the smallest, unresolved scales of motion are mod-
eled. The large, energy-containing eddies are computed directly.
This should be an advantage in simulation of complex � ows such
as three-dimensionalTBLs because, although the large eddies may
be altered by mean-�ow three dimensionality, streamwise pressure
gradient, and other effects resulting from variations in geometry
such as curvature, the small eddies probably respond more rapidly
to perturbations.Therefore, it is still reasonable to model the small
scales using simple closures, especially closures sensitive to local
properties of the � ow such as dynamic models. In dynamic model-
ing, the subgrid-scale (SGS) eddy viscosity is calculated using the
resolved � eld rather than being provided as input in advance. This
feature allows the model to respond naturally to changes in the tur-
bulence caused by external perturbations. LES and dynamic SGS
models have been successfully applied to prediction of a variety of
� ows, e.g., Refs. 14–23. Whereas the focus of the majority of these
studieshasbeenon statisticallytwo-dimensional� ows, recentappli-
cations by Wu and Squires23 to a geometrically simple equilibrium
three-dimensionalTBL have provided further indication that LES
and dynamic modeling may be a viable technique for prediction of
complex spatially developing three-dimensionalTBLs.

In addition to LES and dynamic modeling, RANS calculations
offer anotherapproach.Continuingimprovementsin closuremodels
have in turn improved RANS capabilities. The v2– f model devel-
oped by Durbin24–26 has been used to accurately predict a range of
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equilibriumand nonequilibrium� ows. This model was recently ap-
plied to prediction of the statistically two-dimensional TBL over a
bump, shown in Fig. 1b (Ref. 27). The RANS predictionscompared
favorablywith both LES resultsand the experimentalmeasurements
of Webster et al.28 Aside from v2– f , another closure gaining in-
creased attention and use is the one-equation model developed by
Spalart and Allmaras29 (SA). In this approach a single transport
equation is solved for the turbulent eddy viscosity. In Ref. 29, the
model yields satisfactory predictions of several two-dimensional
turbulent � ows.

Both v2– f and SA close the Reynolds stress using isotropiceddy
viscosity. Although isotropic eddy viscosity models cannot capture
the different directions of the shear stress and strain rate vectors
in planes parallel to the wall, one interesting hypothesis discussed
by Johnston and Flack1 is that these models might still provide a
practical approachfor engineeringcalculationof three-dimensional
TBLs. A model that can accountfor the differentdirections in stress
and strain may not be crucial to obtaining an accurate predictionof
the mean � ow since turbulent shear stresses in the outer part of the
boundary layer are typically small compared to pressure forces (see
Ref. 1 for further discussion). Furthermore, in three-dimensional
TBLs a quasicollateralregionusuallyexists in thebuffer layerwithin
which the pro� le of the shear stress angle intersectsthat of the strain
rate vector, i.e., there is an elevation at which the two vectors are
colinear.From the intersectionto the wall, the shear stress may even
lead the strain rate, e.g., Refs. 1 and 30. Very close to the wall, the
lead/lag of the shear stress will not be captured using isotropic eddy
viscosity. However, this may not be a serious shortcoming because
the magnitude of the turbulent shearing stresses in the viscous sub-
layer is small compared with the magnitude of the viscous stresses.
Thus, the error associated with using isotropic eddy viscosity for
calculationof three-dimensionalTBLs may not result in signi� cant
inaccuracies in predictionof the mean � ow. Applicationof accurate
RANS models such as v2– f and SA to a complex spatially devel-
oping three-dimensionalTBL, therefore,has important implications
for methods currently used in engineering calculations.

The primary objective of this work is to apply and compare LES
and RANS predictions of a spatially developing three-dimensional
TBL. The particular interest of this work is prediction of the � ow
over a bump swept at 45 deg with respect to the upstream two-
dimensionalboundarylayer.The bump is formedby three tangential
arcs (Fig. 1). A canonical zero-pressuregradient boundary layer at
a momentum thickness Reynolds number Re h ,ref D 3.8 £ 103 is in-
troduced one-half chord length upstream of the onset of curvature.
The boundary layer then experiences alternating signs of stream-
wise pressure gradient and surface curvature, as well as spanwise
pressure gradient. The particular con� guration shown in (Fig. 1) is
considered because boundary-layer properties have been reported
by Webster et al.2 and provide a means for evaluationof simulation
results. A suction slot parallel to the spanwise axis of the bump
was used in the experiments to maintain a direction of statistical
homogeneity, which in turn simpli� es calculation of the � ow. The
governing equations, boundary conditions, and computational de-
tails for the RANS and LES calculationsare presented in Secs. II.A
and II.B, respectively. Comparisons of simulation results with the
experimental measurements of Webster et al.2 are given in Sec. III,
followed by a summary and conclusions in Sec. IV.

Fig. 1a Top view of the computational domain.

Fig. 1b Bump dimensions; D, E, F, and G, tangent points; upstream
concave surface, 0 · x/Lc · 1

12 ; convex surface, 1
12 · x/Lc · 11

12 ; down-
stream concave surface, 11

12 · x/Lc · 1.

II. Background
A. Simulation Overview for RANS

Time or ensemble averaging the equations of mass and momen-
tum conservationyields the RANS equations

divhui D 0 (1)

¶ hui
¶ t

C div[huihui] D ¡gradhpi

C div
1
Re

C m t [gradhui C (gradhui)T ] (2)

An eddy viscosity hypothesis has been used to close the Reynolds
stresses, where m t is the turbulent eddy viscosity (the T superscript
denotes the transpose). In Eqs. (1) and (2), hui is the mean velocity
vector whose Cartesian components are (hui, hvi, hwi). Velocities
in Eqs. (1) and (2) are normalized by the in� ow freestream value
Uref (subscript ref refers to quantitiesmeasured at the inlet station),
lengths by the bump height h, and Re D Uref h/ m , where m is the
kinematic viscosity.

In the v2– f model, the turbulent eddy viscosity m t is evaluated
from

m t D C l hv 02iT (3)

where T is the time scale de� ned as

T D max K / e , 6( m / e )
1
2 (4)

The turbulencekineticenergy K , dissipationrate e , and wall-normal
� uctuation hv 02i appearing in Eqs. (3) and (4) are obtained through
the following transport equations24:

¶ K

¶ t
C div[huiK ] D P ¡ e C div

1
Re

C
m t

r K
grad K (5)

¶ e

¶ t
C div[hui e ] D

C e 1P ¡ C e 2 e

T
C div

1
Re

C
m t

r e

grad e (6)

¶ hv 02i
¶ t

C div[huihv 02i] D K f22 ¡ hv 02i
e

K

C div
1

Re
C

m t

r K
gradhv 02i (7)

where f22 appearing in Eq. (7) is evaluated from

¶ f22

¶ t
D ¡(1 ¡ C1)

2
3

¡ hv 02i/ K

T
C C2

P
K

¡ f22 C C2
L l2 div(grad f22)

(8)
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Note the use of a pseudo-time-derivativeterm in Eq. (8) so that the
transport equations possess the same structure for numerical con-
venience, i.e., the left-hand side of Eq. (8) vanishes at convergence.
The rate of turbulencekineticenergyproductionand the lengthscale
l are given by

P D m t [gradhui C (gradhui)T ]gradhui

l2 D max K 3/ e 2 , C 2
3 ( m 3/ e )

1
2 (9)

Model constants appearing in Eqs. (3–9) are the same as those in
Ref. 24, i.e.,

C l D 0.19, C e 1 D 1.3 C 0.25/ [1 C (n/ 2l)2]4, C e 2 D 1.9

C1 D 1.4, C2 D 0.3, CL D 0.3

C3 D 70, r K D 1.0, r e D 1.3

where n is the wall-normal distance as shown in Fig. 1b.
In the SA model, the turbulenteddyviscosity m t is evaluatedfrom

m t D Qm f m 1 , f m 1 D
v 3

v 3 C C 3
m 1

, v D
Qm
m

(10)

The modi� ed eddy viscosity Qm is obtained from29

¶ Qm
¶ t

C div[hui Qm ] D Cb1
Q\ Qm C

Cb2

r
jgrad Qm j2

¡ Cw1 fw

Qm
n

2

C 1
r

div
1

Re
C Qm grad Qm (11)

where

Q\ D jcurl uj C
Qm

j 2n2
f m 2 , f m 2 D 1 ¡

v

1 C v f m 1

(12)

fw D g

"
1 C C 6

w3

g6 C C6
w3

# 1
6

, g D r C Cw2 (r 6 ¡ r)

(13)

r D min
Qm

Q\ j 2n2
, 10

Model coef� cients appearing in Eqs. (10–13) are the same as in SA:

Cb1 D 0.135, r D 2
3 , Cb2 D 0.622, j D 0.41

Cw1 D Cb1 / j C 1 C Cb2 r , Cw2 D 0.3

Cw3 D 2, C m 1 D 7.1

The origin of the streamwise (x ) coordinate is at the onset of
curvature (Fig. 1). The bump chord/height ratio (L c / h) is 15.2:1.
The height of the computational domain is 2

3
Lc measured from the

� at plate (y D 0). The length of the upstream and downstream
� at plates are 1

2
L c and 2

3
L c , respectively. Because the � ow� eld

is homogeneous along the coordinate parallel to the bump axis,
RANS calculations were actually performed using dependent vari-
ables (u1, v, w1) in the (x1, y) plane (Fig. 1a). Results were then
projected back to the laboratory (x , y) coordinate system.

No-slip conditionswere appliedon the wall for the velocity com-
ponents, i.e., huiw D 0. For K , e , hv02i, f22, and Qm , the boundary
conditions on solid surfaces are

Kw D 0, e w D 2 m Kn ! 0

n2
! 0

(14)

hv 02iw D 0, f22,w D
¡20 m 2hv 02in ! 0

n4
! 0 e w

, Qm w D 0 (15)

(Note that the w subscript denotes values on the wall.)
At the in� ow boundary, the pro� les of the dependent variables

were obtained from a separateprecomputationof a � at plate bound-
ary layer at Re h D 3.8£103 . At the exitplane, a convectiveboundary
conditionwas used togetherwith a correctionon the streamwise ve-
locity to ensureglobal mass conservation.Derivativesof K , e , hv02i,

f22, and Qm along the x1 direction were assumed to be zero at the
exit boundary. Over the top surface of the computational domain
¶ hu1i/ ¶ y D 0, hvi D 0, ¶ hw1i/ ¶ y D 0, Qm D 0 were applied, while
the derivatives of K , e , hv 02i, and f22 along the y direction were
assumed to be zero.

The numericalmethodadoptedto solve the momentumand conti-
nuity equations(1) and (2) is the generalizedfractionalstep method,
e.g., Ref. 31. The computational domain is transformed from the
Cartesian (x1, y) system to a body-� tted curvilinear system ( n , g )
where g is the coordinate normal to the � at plate. The dependent
variable is transformed from (u1, v, w1) to a volume � ux vector
using area vectors. At each time step, transport equations for K , e ,
hv 02i, f22, or Qm were solved using successiveoverrelaxationuntil the
maximum residuals were reduced to machine zero. The grids were
constructed so that the coordinate lines of constant n were perpen-
dicular to the � at plate y D 0 and top surface of the computational
domain. The grids were stretched only along the y direction. Grid
independence was investigated through two calculations using the
v2– f model, referred to as RANS1 and RANS2. The grid size in
RANS1 was 391 £ 201, whereas in RANS2 196 £ 101 grid points
were used. Based on the friction velocity at the inlet, the spatial
resolutionwas D xC D 90 for RANS1 and D xC D 180 for RANS2,
respectively.For both calculations the � rst grid point normal to the
wall was approximately one wall unit from the lower surface. The
same grid used in RANS2 was also employed in a calculationusing
the SA model, which is referred to as RANS3.

Using the inlet pro� le as initial condition, the system of Eqs. (1)
and (2) and (5–8) [or Eq. (11)] was advanced to steady state. The
� ow was considered converged when the following criteria were
satis� ed:

max
jhu1i(x1, y, t ) ¡ hu1i(x1, y, t ¡ 10d ref / Uref)j

Uref
< 10¡5

(16)

max
jhvi(x1, y, t) ¡ hvi(x1, y, t ¡ 10 d ref / Uref)j

Uref
< 10¡6 (17)

max
jK (x1, y, t ) ¡ K (x1, y, t ¡ 10d ref/ Uref)j

U 2
ref

< 10¡6 (18)

max
jhv02i(x1, y, t ) ¡ hv 02i(x1, y, t ¡ 10d ref/ Uref)j

U 2
ref

< 10¡6

(19)

B. Simulation Overview for LES
In LES, mass and momentum conservation are enforced for the

large-scale resolved variables, which are obtained by � ltering the
Navier–Stokes equations

div Nu D 0 (20)

¶ Nu
¶ t

C div( Nu Nu) D ¡grad Np

C div
1
Re

C m SGS [grad Nu C (grad Nu)T ] C Ec (21)

where an eddy viscosity hypothesishas been used to close the sub-
grid stress and m SGS is the SGS eddy viscosity. In Eqs. (20) and (21)
an overbar denotes the � ltered variable. The term Ec appearing in
Eq. (21) is the commutation error because, in general the � lter-
ing operation does not commute with differentiation.As shown in
Ref. 32, the commutation error is second order in the � lter width.
For calculation of spatial derivatives using approximations that are
second-order accurate, as in the present work, � ltering can be as-
sumed to commute with differentiation.Therefore, Ec is neglected
in this study (see Ref. 32 for further discussion).

The eddy viscosity in Eq. (21) is expressed as16

m SGS D C ND 2j NSj D C ND 2
p

2SS (22)

where j NSj is the magnitude of the large-scale strain rate tensor S D
[grad Nu C (grad Nu)T ]/ 2.
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Following Germano et al.,14 a second � lter, the test � lter (denoted
bya caret) is used to derivean expressionfor themodelcoef� cientC :

C D ¡1
2

L i j Mi j

Mi j Mi j
(23)

where

Mi j D OND 2j ONSj ONSi j ¡ ND 2j NSj NSi j , L i j D Nui Nu j ¡ Nui Nu j (24)

where the least-squares approach of Lilly33 has been used to ob-
tain Eq. (23). The � lter widths at the subgrid and subtest levels are
denoted ND and OND , respectively.

In the results presented in this paper, the model coef� cient is
calculatedby averaging the numerator and denominator in Eq. (23)
over the homogeneous spanwise direction to eliminate numerical
instabilities arising from small values of the denominator. Ghosal
et al.18 showed that Eq. (23), with averaging of the numerator and
denominator,can be rigorouslyderivedby constrainingC to haveno
variation along directionsof spatial homogeneity(also see Ref. 17).
Therefore, the coef� cient C is time dependent and a function of the
two inhomogeneous coordinates. A clipping function was used to
ensure nonnegative values of C following the spanwise averaging
applied to Eq. (23). The test � ltering operation was performed in
physical space on the coordinate plane g D const using a tophat
� lter of widthequal to two mesh spacings.Test � ltering is performed
numerically by applying Simpson’s rule of integration. At the end
of each time step, the Cartesian velocity components (u1, Nv, w1)
are recovered to compute the model coef� cient C and SGS eddy
viscosity using the procedure given in Eqs. (22–24). The reader is
referred to Ref. 34 for further discussionof issues related to � ltering
in complex domains.

Measurements from Webster et al.2 showed that the bump caused
a relatively small distortion of the � ow at a location one-half
chord length upstream of the onset of curvature (x / Lc D ¡ 1

2 in
Fig. 1). To compare LES predictions to experimental measure-
ments, it is necessary to specify in the simulations a realistic, two-
dimensional boundary layer at the same location. In the current
study, a time-dependent velocity � eld at the in� ow boundary was
obtainedthrougha separateLES precalculationof a � at plate bound-
ary layer over a continuousmomentum thickness Reynolds number
range 3.6 £ 103 · Re h · 4.2 £ 103 (Refs. 35 and 36). After a statis-
tically steadystatehadbeen achieved,the threevelocitycomponents
at a streamwise station Re h D 3.8£103 were stored for 300d ref/ Uref

at a time step dt D 0.01d ref/ Uref and were subsequentlyfed to the in-
let (x / Lc D ¡ 1

2
) of the spatially developing bump � ow simulation.

As in the experiments of Webster et al.,2 the inlet boundary-layer
thickness d ref D 1.5h. Boundary conditions applied on the top and
exit planes are essentially similar to those described in Sec. II.A for
the RANS calculations.Periodic boundary conditionswere applied
in the spanwise direction.

In the LES, the near-wall � ow (0 · yC
ref · 25) was modeled using

approximate boundary conditions similar to those previously em-
ployed by Schumann,37 Piomelli et al.,38 and Cabot.39 In particular,
the instantaneouswall stress is assumed to be in phase with and pro-
portional to the local LES velocity at the � rst plane of grid points
nearest the wall. The instantaneous wall stresses s s,w and s z1,w are
calculated from

s s,w D
Nus (x1, y, z1, t)
h Nusi(x1, y, t )

h s s,wi, s z1,w D w1(x1, y, z1, t)

hw1i(x1, y, t )
h s z1,wi

(25)

where themean wall shearstressesh s s,wi and h s z1,wi were prescribed
through interpolationof the experimentalskin-frictiondata of Web-
ster et al.2 or the RANS3 results using the SA model. The mean ve-
locitiesh Nus i(x1, y, t ) and hw1i(x1, y, t ) areobtainedbyperforming
spanwise averaging at each time step during the calculation.

It is important to note that, by construction, calculations per-
formed using the boundary conditions (25) do not predict the mean
skin friction because this quantity is input to the calculation. How-
ever,usingEq. (25) togetherwith a priori inputof themean stresscir-
cumvents the need to assume the near-wall � ow satis� es a universal
pro� le, e.g., a log law. The calculationsare then useful for gauging

the accuracyof the LES in the outer (resolved) part of the � ow, using
a simple (equilibrium-based) prescription of the wall stress.

The numericalapproachused to solve the continuityand momen-
tum equations(20)and (21) is the same as that describedin Sec. II.A.
LES calculationswere performedusingtwo gridsizes,586£51£65
(referred to as LES1) and 391 £ 51 £ 33 (referred to as LES2) in
the streamwise, wall-normal, and spanwise directions, respectively.
Based on the friction velocity at the inlet, the spatial resolution in
LES1 is D xC D 60, D yC

min > 25, and D zC D 38. In LES2 the spatial
resolution is D xC D 90, D yC

min > 25, and D zC D 76. In both LES1
and LES2, the experimentally measured skin friction was used to
prescribe the mean wall shear stresses in the approximateboundary
condition(25). Calculationsof the boundary layer over the unswept
bump showed LES predictions obtained using the mean friction
from a v2– f calculation in Eq. (25) yielded similar results to those
in which the experimentally measured skin friction was employed
in the approximate boundary conditions.27 The sensitivity of LES
predictions of the outer (resolved) � ow to the mean wall shear in
Eq. (25) is examined in this study in a calculation (referred to as
LES3), in which the mean wall shear stress components in Eq. (25)
were prescribed using the RANS3 prediction obtained using the
SA model. The impact of the spanwise dimension of the compu-
tational domain on LES predictions is also considered in LES3
(391 £ 51 £ 65). The spanwise length was doubled from 0.2L c

in LES2 to 0.4L c in LES3, while maintaining the same resolution.
Using the inlet pro� le at t D 0 as the initial condition, the � ow was
allowed to evolve for 100d ref/ Uref at a time step dt D 0.01d ref / Uref,
and statisticswere then collected for a periodof 200d ref / Uref. Turbu-
lence statistics in the (x , y, z), (x1, y, z1), and (n, s, z) coordinate
systems were obtained using standard tensor algebra operations.

III. Results
The surface static pressure coef� cient C pw (D (h Npwi ¡ h Npw, refi)/

1
2
U 2

ref ) is comparedwith the experimentalmeasurementsof Webster
et al.2 in Fig. 2a. Figure 2a shows the streamwise pressure gradient,
dCpw / ds, which undergoesquasistep changes near the leading and
trailing edge of the bump, where the surface curvature also changes
sign. Because the � ow remains homogeneous along the coordinate

a)

b)

Fig. 2 Wall static pressure coef� cient and skin-friction coef� cients:
a) Cpw and b) Cf ;s and Cf ;z.
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parallel to the bump axis, the spanwise pressure gradient ¶ C pw / ¶ z
can be inferredfrom the streamwisevalue, i.e., ¶ C pw / ¶ z D ¡ ¶ C pw /
¶ x tan a . Thus, both the streamwiseand spanwisepressuregradients
experience three sign changes over the bump surface.

Overall, there is reasonable agreement between the simulations
and experiment. RANS1 and RANS2 predictions obtained using
two differentgrid sizes collapse, indicating adequate resolution and
grid independencein calculationof C pw . LES predictionsusing dif-
ferent spanwise sizes and grid resolutions also collapse, with the
exception of a slightly improved prediction near the downstream
boundary for LES1 at the � ner resolution. Near the trailing edge
(xw / L c D 1), LES results are over the measurements.The overpre-
diction may be because, near the trailing edge, the near-wall � ow
is strongly skewed away from the streamwise direction, e.g., see
Figs. 2b and 3. Previous LES results obtained in the (statistically)
two-dimensionalTBL over the unswept bump are not overpredicted
near the trailing edge.27 The strong turningof the � ow could interact
with the streamwiseacceleration/deceleration,resultingin a slightly
different C pw compared to measurements. In addition, the pressure
used in forming C pw in the LES is that at the � rst layer of pressure
points nearest, but not at, the wall. Correcting for the wall-normal
variation, especially in regions of strong adverse pressure gradient
such as occurring near the trailing edge, might also improve the
agreement.

Simulation resultsand experimentalmeasurementsof the stream-
wise, C f,s , and spanwise, C f ,z , skin-friction coef� cients are com-
pared in Fig. 2b. Note because the mean wall shear stress compo-
nents in the approximate boundary condition (25) were prescribed
in LES1 and LES2 using the experimental data, and in LES3 using
the RANS3 results, the mean friction is not predicted in the present
LES. The variations in the predicted skin-friction from RANS1 to
RANS2 (grid resolutionbeing coarsenedby factor of two) are neg-
ligible. Except for the distributionsnear the summit and, to a lesser
extent, in the downstream recovery region, the streamwise skin-
friction coef� cient C f, s obtainedusing the v2– f and SA models are
in good agreement with the experimental measurements of Web-
ster et al.2 The overprediction near the summit is not related to ef-
fects of mean-� ow three dimensionalitybecause it is also present in
calculations of the companion two-dimensional (unswept) � ow.27

Webster et al.2 attributed the plateau in the skin friction between
0.1 < xw / L c < 0.7 to the early stagesof boundary-layerrelaminar-
ization. RANS predictions of the spanwise skin-friction coef� cient
C f, z are in excellentagreementwith the experimentalmeasurements
of Webster et al.2 The alternating spanwise pressure gradient skews

Fig. 3a Perspective view of instantaneous streamlines near the plane
of y/±ref = 0:05 (LES1).

Fig. 3b Mean velocity skewing angle atan h wi /h us i (RANS1).

the near-wall � ow and results in two sign changes in C f , z . Over the
upstream � at plate, � uid particles near the wall are de� ected toward
the positive z direction (cf., Figs. 1 and 3). This positive skewing is
reversed over the bump surface upstream of the summit by a pos-
itive spanwise pressure gradient, as evident in the negative values
in C f, z near the summit. Near the trailing edge, � uid particles are
strongly skewed toward the positive z direction. Note that, in this
region very close to the wall, tan[hwi/ husi] D tan[C f, z / C f,s ] > 1,
indicating the near-wall streamlines are skewed more than 45 deg,
as also shown in Fig. 3b. The present � ow is, therefore, strongly
turned, e.g., in Ref. 3 the wall shear stress is turned by about 30 deg
on an in� nite swept wing.

Pro� les of the mean horizontal velocity h Nui and mean spanwise
velocity h Nwi at six streamwise locations are compared with the
experimental measurements of Webster et al.2 in Fig. 4. The � rst
station (x / L c D ¡ 1

2
) is at the in� ow boundary, and the next � ve

stations are on the downstream side of the bump. (Aside from the
inlet, no measurements were made upstream of the bump summit.)
The velocity pro� les are normalized by the local edge velocity Ue ,
which is de� ned as the maximum along each vertical traverse.2 The
vertical coordinate is normalized by the corresponding boundary-
layer thickness d Ue . The collapse of LES1 and LES2 predictions
shows that the mean � ow is well resolved. Results from RANS1
and RANS2 calculationsare also identical, indicating adequate res-
olution and grid independence in the mean � ow.

Overall, LES and RANS predictionsof the mean streamwise and
spanwise velocities are in very good agreement with the experi-
mental measurements. The signi� cant streamwise variations in the
mean horizontal velocity and the sign reversal in the mean span-
wise velocity have been accurately captured by both techniques.
The largest discrepancies occur near the trailing edge of the bump
(x / L c D 1), where the mean streamwise velocity h Nui in the v2– f
calculation is slightly less accurate than from the other techniques
(LES and RANS using SA). On the other hand, the v2– f model
yields an excellent prediction of the mean spanwise velocity at all
six stations, whereas the LES calculations underpredict this quan-
tity. The cause for the underprediction in h Nwi is probably the use
of approximate boundary conditions in the LES because the peak
of h Nwi is determined by the combined effects of the no-slip con-
dition and spanwise pressure gradient. The no-slip condition is not
enforced for the spanwise velocity, i.e., the approximate boundary
condition is applied to determine the shear stress.

The sign changesin the mean cross� ow velocityh Nwi with stream-
wise distanceevident in Fig. 4 are consistentwith the skewingangle
of the mean � ow shown in Fig. 3b. It is also interesting that Fig. 3b
shows that along the bump surface there exist two regions where
h Nwi reverses sign along the wall-normal coordinate.This is consis-
tent with the S-shaped cross� ow pro� le discussed by Johnston and
Flack1 and occurs because the near-wall � ow is turned more quickly
by the spanwise pressure gradient than the outer � ow. The peak of
the mean cross� ow velocity is about 20% of the freestreamvelocity,
comparable to the values in other experimentson three-dimensional
TBLs. In general, compared to previous results obtainedby Wu and
Squires27 in the two-dimensional � ow over the bump (zero sweep
angle), the quality of the mean velocities predicted in both the LES
and RANS in the three-dimensionalTBL is comparably good. Al-
though not shown here, LES and RANS predictions of the mean
vertical velocity h Nvi are also accurate compared with the experi-
mental measurements of Webster et al.2
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a)

d)

b)

e)

c)

f)

Fig. 4 Mean velocity components h Åui /Ue and h Åwi /Ue along vertical traverses: ±, Webster et al.2; ——, RANS1; - - - -, RANS2; – – –, RANS3; — - —,
LES1; — – — LES2; and + , LES3.

The accurate prediction of the mean � ow (both streamwise and
spanwise) obtained using an isotropic eddy viscosity model in the
RANS calculation is interesting. One possible explanation is that
the model accurately predicts the three-dimensional TBL because
boundary-layerdistortion resulting from the cross� ow is relatively
weak compared to other effects, e.g., streamwise pressure gradi-
ent. A related issue is then whether the deformation by the cross-
� ow in the � ow over the bump is weak relative to other three-
dimensionalTBLs. One approach to shedding light on these issues
is through examination of the strain rate. Relevant is the recent
work by Coleman et al.11 in which DNS was used to investigate
the effect of deformations typical to spatially developing three-
dimensionalTBLs. Coleman et al.11 prescribedelements of the de-
formation tensor to simulate the � ow over an in� nite swept wing,
e.g., Ref. 3. Lateral irrotational skewing ( ¶ hwi/ ¶ x D ¶ hui/ ¶ z), to-
gether with streamwise deceleration ( ¶ hui/ ¶ x < 0, ¶ hvi/ ¶ y > 0),
wasappliedto a fullydevelopedchannel� ow. Colemanet al.11 found
the � ow was more sensitive to streamwise strains than those due to
the three-dimensional skewing. Their � ndings are consistent with
the measurements of Webster et al.,2 where structural parameters
such as the stress-intensityratio in the three-dimensionalTBL over
the swept bump were not markedly different from those in the two-
dimensional boundary layer.

In the � ow over the bump, the deformations corresponding to
those in three-dimensional TBLs over in� nite swept wings occur
downstreamof the summit, where an adversepressuregradientpre-
vails. This may be observed in Figs. 5 and 6, where the nondiago-
nal and diagonal components of the normalized strain rate tensor,
Si j / jSj, are shown. The strain rates shown in Figs. 5 and 6 were
obtained from the RANS1 calculation.Figure 5a shows contoursof
the primary strain rate S12, which acts in the streamwise (x , y) plane.
As shown in Fig. 5a, S12 remains positive inside the boundary layer
because hui monotonically increases toward the boundary-layer
edge and the � ow remains attached, i.e., hui > 0. Although, in gen-
eral, the magnitude of S12 is larger than the other two off-diagonal

components, the S23 component, which acts in the transverse (y, z)
plane, is comparable to S12 in three regions, i.e., near the leading
edge, at the summit, and at the trailing edge (Fig. 5b). This is due
to the strong spanwise skewing occurring in these regions, as ear-
lier shown in the distributionsof C f, z and mean-� ow skewing angle.
Typicalof cross� ow pro� les in pressure-driven� ows, Fig. 5b shows
that, away from the wall, S23 has opposite sign to that of the mean
spanwise velocity because hwi decreases with increasing y. The
sign of S23 reverses in the immediate neighborhood of the surface
because the no-slip boundary condition forces an increase in hwi
with distance from the wall.

The two diagonal components S11 and S22 in Figs. 6a and 6b
re� ect the acceleration/decelerationcaused by the streamwise pres-
sure gradient, whereas the other diagonal component S33 shown
in Fig. 6b re� ects the spanwise stretching/compression due to the
spanwise pressure gradient, e.g., see Ref. 11. Over the rear surface
of the bump, the strong adverse pressure gradient results in S11 < 0
and S22 > 0. The magnitudes of the three diagonal components are
also comparable. Because the � ow is homogeneous in the coor-
dinate parallel to the bump axis, ¶ hwi/ ¶ x D ¡ ¶ hwi/ ¶ z/ tan a and
¶ hui/ ¶ z D ¡ ¶ hui/ ¶ x tan a . Thus, for a D 45 deg, the off-diagonal
component S13 in Fig. 5c is related to the diagonal components S11

and S33 as S13 D ¡(S11 C S33)/ 2. In Ref. 11, the diagonal and off-
diagonal deformations were prescribed to simulate the � ow over a
45-deg in� nite swept wing, with the same relationshipbetween S13,
S11, and S33 . In their work,11 the mean deformationswere prescribed
as S22 D ¡2S11 D ¡2S33 D 2S13. In the � ow over the bump, similar
relationships between the diagonal and off-diagonal components
are shown in Figs. 6a and 6b and Fig. 5c, e.g., over the rear bump
surface (downstream of the summit) in the region where 0.08 <
S22/ jSj < 0.16 (Fig. 6b), ¡0.12 < S11/ jSj < ¡0.08 (Fig. 6a), and
0.04 < S13/ jSj < 0.08 (Fig. 5c). Based on the results shown in
Figs. 5 and 6, the in� nite swept wing consideredby Coleman et al.11

is similar to the three-dimensionalTBL over the bump in that they
possess similar deformations. In that sense, the � ow over the swept
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a) S12/j Sj

b) S23 /j Sj

c) S13/j S j
Fig. 5 Normalized nondiagonal components of the strain rate tensor Sij .

a) S11/j Sj

b) S22 /j Sj

c) S33/j S j
Fig. 6 Normalized diagonal components of the strain rate tensor Sij .

bump is a representativecase among a class of spatially developing
three-dimensionalTBLs that arise in in� nite geometries.

Predictions of the turbulence kinetic energy are compared with
the experimental measurements in Fig. 7. Overall, LES predictions
are in very good agreement with the experimental data of Webster
et al.,2 accurately capturing the distortion of the turbulence kinetic
energy over the bump surface and recovery over the trailing � at
plate. LES1 results using a � ner resolution are only slightly higher
than those obtained from LES2, indicating that turbulence � uctua-
tions in the region of yC

ref > 25 have been reasonably well resolved
usinggrid spacingsof D xC D 90 andD zC D 76.Figure 7 also shows
LES3 predictionsof K obtainedusing the RANS3 predictionof the
mean wall shear stress in the approximate boundary conditions.As
shown in Fig. 7 the perturbationapplied to Eq. (25) via an incorrect
description of the mean stress does not have an overly adverse ef-
fect on LES predictions of the outer � ow. As also observed in the
unswept bump,27 these featuresdemonstrate that LES predictionsof
the three-dimensionalTBL over the bump are relatively insensitive
to the speci� c prescriptionof the mean wall shear stress in Eq. (25).
The agreement between RANS predictions of the turbulence ki-
netic energy and the experimental measurements of Webster et al.2

is reasonable,with some overpredictionsas evident in Fig. 7. Inter-
estingly, the inner peak at x / L c D 1 arisingfrom the generationof an
internal layer is at least partiallycaptured in the RANS calculations.

Resolved turbulent shear stress components ¡h Nu 0 Nv0i, ¡hNv0 Nw0i,
and ¡h Nu 0 Nw0i are compared to those of Webster et al.2 in Fig. 8.
Figure 8a shows the primary shear stress pro� les from the LES

precomputationsused to generate the in� ow condition are in good
agreement with that measured by Webster et al.2 with a small over-
prediction of the peak. At the other � ve stations, the agreement be-
tween LES predictions and measurements of ¡h Nu 0 Nv0i and ¡h Nv 0 Nw0i
is excellent. Also evident is that the other secondary shear stress
¡h Nu 0 Nw0i is overpredictednear the bump trailing edge (x / L c D 1 and
7
6
). In the boundary-layer approximation, this stress is neglected

because it does not enter into the transport equations of the mean
streamwise and spanwise velocity, e.g., see Johnston and Flack.1

The � gure shows a slight increase in ¡h Nu 0 Nv 0i in LES1 compared to
that in LES2, consistent with the � ner resolution used in LES1. At
the summit, the LES correctly predicts the sharp reduction in the
shear stresses by convex curvature and favorable pressure gradient.
On the downstreamside of the bump in the region of strong adverse
pressure gradient there is a signi� cant increase in both components
near the wall. Over the downstream � at plate, LES predictions of
the recovery of the shear stress pro� les are in good agreement with
the experimental measurements of Webster et al.2 As the boundary
layer relaxesover the trailing � at plate after the removalof curvature
and pressure gradients, the high peak in the ¡h Nu 0 Nv0i pro� le attained
at x/ L c D 1 decays rapidly as evident in Figs. 8d–8f.

Properties of the dynamic eddy viscosity model are presented in
Fig. 9. Figure 9a shows the model coef� cient C de� ned in Eq. (23)
after time and spanwise averaging.The pro� les indicate at the bump
summit there is a reduction in C due to the stabilizing effects of
favorable pressure gradient and convex curvature. The reduction is
alsoevidentin thepro� lesof theeddyviscosity, m SGS, and dissipation
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a)

d)

b)

e)

c)

f)

Fig. 7 Turbulence kinetic energy along vertical traverses: ±, Webster et al.2; ——, RANS1; - - - -, RANS2; — - —, LES1; — – —, LES2; and + , LES3.

a)

d)

b)

e)

c)

f)

Fig. 8 Resolved turbulent shear stress: ——, LES1; - - - -, LES2; – – –, LES3; ±, ¡ 102 h Åu 0 Åv0 i /U2
e ; ¦ , ¡ 102 h Åv 0 Åw0 i /U2

e ; and ² , ¡ 102 h Åu0 Åw0 i /U2
e (symbols,

Webster et al.2).
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a)

d)

b)

e)

c)

f)

Fig. 9 SGS model properties from LES3: ——, xw/Lc = ¡ 1
2 ; - - - -, 1

2 ; – – –, 1; and ±, 3
2 ; a) averaged model coef� cient, b) ratio of eddy to molecular

viscosity, c) ratio of SGS to molecular dissipation, d) ratio of averaged backward and forward contributions to model coef� cient, e) percentage of
points with LijMij > 0 corresponding to locally negative C, and f) ratio of clipped negative model coef� cient (after spanwise averaging) and the model
coef� cient.

rate, e SGS (D ¡ s i j
NSi j ), shown in Figs. 9b and 9c. At xw / L c D 1

2
, the

peak SGS eddy viscosity and dissipation are about 2.5 and 3 times
the correspondingmolecular values, respectively.The pro� les also
indicate the peak SGS dissipation is increasednear the trailing edge
to aboutsix times the levelofmoleculardissipation.Figure9d shows
the ratio of the averaged backward and forward contribution to the
model coef� cient C (as de� ned in Ref. 16). The ratio is mostly
constant over a signi� cant part of the boundary layer. Figure 9e
shows the percentagepoints,where L i j Mi j in Eq. (23) takespositive
values,i.e.,C beinglocallynegative.It is clear fromFig. 9e that at the
bump summit there is an increase in the number of points where C
is negative, consistentwith the time- and spanwise-averagedpro� le
shown in Fig. 9a. As discussed in Sec. II.B, a clipping function
was applied to remove the negativevalues of model coef� cient after
spanwise averaging at each time step. Figure 9f shows the ratio of
the negative coef� cient, which was clipped, and the actual model
coef� cient obtained in the calculation. As evident in Fig. 9f, the
ratio is rather small with a maximum about 10% occurring at the
summit, indicating that the (clipped) negative model coef� cient is
only a small fraction of the actual. Within the inner 20% of the
boundary layer, the maximum in this ratio is less than 5%.

IV. Summary
The spatially developing three-dimensional TBL over a swept

bump has been predicted using LES and RANS. The dynamic eddy
viscosity model was applied in the LES, the v2– f and the SA mod-
els were used in the RANS calculations. The three-dimensional
TBL over the bump is an appropriate � ow for application of tech-
niques such as LES and RANS because it has well-de� ned up-
stream conditions and is a nontrivial test case, e.g., boundary-layer
response is complex due to the repeated application/relaxation of
streamwise pressure gradient, spanwise pressure gradient, and sur-
face curvature. LES predictions of the mean � ow, turbulence ki-
netic energy, and shear stresses are in good agreement with the

experimental measurements of Webster et al.2 and accurately cap-
ture the strong distortion of the � ow over the bump surface as well
as the rapid return to equilibrium over the downstream � at plate.
Simple, equilibrium-basedapproximate boundary conditions were
used in the LES, which correlate the instantaneous wall stress to
LES velocity at the � rst layer of grid points. The mean wall stress,
necessary to close the boundary conditions, was supplied a priori
from experimental measurements or a separate RANS calculation.
As also observed in the unswept bump, LES predictionsof the outer
� ow were relativelyinsensitiveto differentprescriptionsof the mean
wall stress.The relativelyaccuratedescriptionof both the mean � ow
and turbulencequantitiessuggest that simple wall layermodelsmay
be reasonable for attached � ows, though the problem of predicting
the mean skin friction remains. It is also important to stress that
separated � ows will likely require more sophisticated approaches
because existing wall layer models are not accurate.

Analysisof the strain rate indicates the present � ow is representa-
tive of spatially developing three-dimensionalTBLs produced over
in� nite geometries in the sense of possessing similar deformations,
i.e., similar levels of distortionby the streamwise pressure gradient
and mean-� ow skewing. Thus, LES and dynamic models as well
as the v2– f and SA models should be expected to yield a similar
level of agreement with measurements for other three-dimensional
TBLs in this important category.In addition, the present results also
support the notion discussed in Ref. 1 that isotropic eddy viscos-
ity models applied to three-dimensionalTBLs can yield acceptable
predictions of the mean � ow and skin friction, important for engi-
neering applications. In particular, the agreement in the spanwise
skin-frictioncoef� cientwith experimentaldata is extremelyencour-
aging. Predictions of the mean velocity pro� les using the v2– f and
SA models are in good agreement with the experimental measure-
ments of Webster et al.2 and do not show noticeable deterioration
compared to the two-dimensionalanalog of the present � ow due to
the presence of mean-� ow three dimensionality.
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